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SUMMARY

The continuity, momentum, and energy differential equations
for turbulent flow of a compressible fluid are derived, and the
apparent turbulent stresses and dissipation function are identi-
fied. A general formula for skin friction, including heat trans-
fer to a flat plate, is developed for a thin turbulent boundary
layer in compressible fluids with zero pressure gradient. Curves
are presented giving skin-friction coefficients and heat-transfer
coefficients for air for various wall-to-free-stream temperature
ratios and free-stream Mach Numbers.

In the special case when the boundary layer is insulated, this
general formula yields skin-friction coefficients higher than those
given by the von Karman wall-property compressible-fluid for-
mula but lower than those given by the von Karméan incom-
pressible-fluid formula. Heat transfer from the boundary layer
to the plate generally increases the friction and heat-transfer
coefficients.

NOMENCLATURE
Variables

t = time

x = coordinate along plate in direction of free stream,
measured from the leading edge

y = coordinate normal to plate, measured from the
plate

2 = coordinate along plate normal to free stream

u, v = xand y velocity components, respectively

bz, by, b2 = normal stresses in the direction of x-, y-, and z-
axes, respectively

T = shear stress

Tyz = ghear stress in x-direction in plane normal to
y-axis

Tay = ghear stress in y-direction in plane normal to
x-axis

q = heat transfer

g = heat transfer in x-direction

ay = heat transfer in y-direction

p = fluid density

I = coefficient of viscosity

k = coeflicient of heat conductivity
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T = absolute temperature

cp specific heat at constant pressure

€ eddy coefficient of viscosity

eddy coefficient of heat conductivity
ratio of specific heats

=
i

¥ =
M = Mach Number
! = mixing length
S = Sutherland constant
de¢ = thickness of the boundary layer when the fluid
is compressible
8; = thickness of the boundary layer when the fluid is
considered incompressible
Cr = total coefficient of friction
¢r = local coefficient of friction
R = Reynolds Number based on length x
Npr = Prandtl Number
Sudscripts
w = wall condition
ES = free-stream condition
lam. = laminar
turb. = turbulent
INTRODUCTION

WO MAJOR PROBLEMS ENCOUNTERED TODAY in

aeronautics are the determination of skin friction
and skin temperatures of high-speed aircraft. Since
the friction drag is a considerable portion of the total
drag of a guided missile, it follows that miscalculation
of the friction drag can result in considerable error in
missile range. Furthermore, skin temperature is a
decisive factor in the structural design of a high-speed
missile.

These two problems arise as a result of the presence
of the fluid boundary layer. Whether the boundary
layer on a given missile is laminar or turbulent under
certain conditions is as yet uncertain. However, in
the present paper only the turbulent case is discussed.
In particular, the purpose of the paper is to derive a
general formula for skin friction including heat transfer
to a flat plate for a thin fully turbulent boundary layer
in compressible fluids with zero pressure gradient.
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This work is a combination of two previous reports® 2
by the same author.

A first attempt to obtain theoretical results on tur-
bulent skin friction on an insulated flat plate was made
by von Karman® when he suggested that the fluid state
at the wall be used in the incompressible fluid formula;
it seems that this suggestion is too optimistic because of
the fact that there is a strong variation in temperature
throughout the boundary layer. Frankl and Voishel*
used von Karman's similarity law for mixing length and,
as a result of compressibility effects, encountered
considerable complication in deriving an expression for
turbulent friction with- or without heat transfer.
Ferrari’® has made a general study of the problem;
however, his apparent turbulent shear stress for com-
pressible fluids is not in agreement with that of the
author, and no engineering formula for skin friction
or heat transfer is presented. Wilson'® recently de-
rived a formula for insulated plates using the von
KArmaAn similarity law; his formula is similar to, but
not the same as, the formula given in this paper.

In the present paper the differential equations for
turbulent flow of a compressible fluid are derived for
the purpose of identifying the apparent turbulent
stresses and dissipation function. The boundary layer
is then assumed thin, and the usual relation [Eq. (34)]
between temperature and velocity is obtained when the
turbulence Prandtl Number cye/k is taken as unity,
where ¢, is the specific heat at constant pressure, ¢ is
the coefficient of eddy viscosity, and « is the coefficient
of eddy heat conductivity. The Prandtl wall differ-
ential equation is next derived for compressible fluids—
viz.,

Tw 1

di _ 1

dy KVpy

Here, i is the mean local velocity, 7, is the mean shear
at the wall, 5 is the mean local fluid density, y is the
distance from the wall, and K is the proportionality con-
stant in the mixing length formula / = Ky. Finally,
a general formula for skin friction including heat
transfer is developed, and curves are presented giving
skin-friction coefficients and heat-transfer coefficients
for air for various wall-to-free-stream temperature
ratios and free-stream Mach Numbers. For the in-
sulated plate case, it is seen that the writer’s results
for skin friction lie above those of von Karman. Cool-
ing the wall generally increases the skin-friction and
heat-transfer coefficients.

THE THIN TURBULENT BOUNDARY LAYER

The basic differential equations describing the two-
dimensional flow in a boundary layer on a flat plate are

% 0 d
Continuity: a—f + 53 0+ 5, ) = 0 (1)
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The last four terms on the right-hand side of Eq. (3)
are called the dissipation function because they are
functions of the viscosity.

The Mean Momentum Equations-——Reynolds Stresses

The above momentum equations are rewritten in the
following form by using the continuity equation:

Fe) fe) o bpr bTya:
pul = 2 l — L
> (pe) + 5 (ou) + 5 (puv) = ==+ 3 (9a)
© 1y 1 2 () + 2 oy = 2 2
5 (v) + = (puv) + 5 (pv?) = 5 + (9b)

The following substitutions are then introduced into
Eq. (9a):

— ’
Tyz = Tyz -+ Tyz

Pr = ps + 0z’

u=da+u, p=p+p,

pu = pu + (pu)’, pv = pv + (pv)’,

where the bars indicate slowly varying temporal mean
values and the primes indicate instantaneous fluctua-
tions from the mean. Time average of the resulting
equation yields
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0 —OF — Of o
5 @+ ) + = [pu @+ (pu)'u'] + + N —v + pvl = (p'v)) +
oy ot
3 P I = ﬁ ar”" 2 b Tyt _a_ P 17
Y lov-i + (pv)'u'] = ox T Y (10) 3 2y — (v)v'] + o [res — (ou)'v’]  (12b)

The boundary layer is now assumed to be thin—
ie, 7 << #. Hence, it is seen that terms on the
i = 1 f ¢+ (T/2) w di left-hand side of Eq. (12b) are negligible compared to

TJ, the corresponding terms in Eq. (12a), so that Eq.

. - (12b) reduces to an equation devoid of mean motion
also, it can be shown that0/0 = 9~/0. terms. Now, in Eq. (12a), dp,/0x is to be dropped
because any external pressure gradient is omitted.
(0/9x) [—(pu)’u’] should be negligible compared to
0p + 33 (o) + 2 () = 0 (11) (b./by) [—#(pv)’u’] befcause of thinness of the layer.

X Ay Finally, 07,,/0y definitely can be dropped because 7,

. is the average of the viscous shear, analogous to in-
With some rearrangement and use of Eq. (11), Eq. (10) compressible fluid experience. The resulting momen-

By time average is meant, for example,

- (T/2)

The equation of continuity, when averaged, becomes

then reduces to tum equation involving mean motion terms for thin
i _di turbulent boundary layers is, then,
+pu +p*—‘(p’u')+ _
oy — Ot —0i _ 0 S o N7
5 s +pu*+pvay—&(—pu)+gy[—(w)u]
S [pe — (ow)"u’] + o [ree = (ov)’u’]  (12a) (13)
Comparison of Egs. (12a) and (2a) shows that if, in andin the mean steady state
Eq. (2a), p, u, pu, pv, Pz, and 1. are replaced by their Y .Y 2
mean values, then the terms (3/0t) (—p’n’), (0/0x) X U + pv 5; = 5& [— (ov)"u] (14)

= (ou)"%’], and (9/2y) [— (pv)’u’] must be added to the

right-hand side of the equation. The terms — (pu)’s’ Nowlet
and — (pv)’u'* will be called the Reynolds or apparent v _ .
pressure and shear stresses, respectively, in the case (pv)'u’” = €(0i1/0y) (15)
of the turbulent flow of a compressible fluid. In the where e shall be called the eddy viscosity as in incom-

same manner, Eq. (9b) reduces to pressible fluid theory. Eq. (14) then becomes
—_*_Expanded, this term becomes —(pv)'u’ = — EW — ;ﬁ 3414 + 7 - a” 0 < a7’t> (16)
vp'u' — p'u'v’. ox ay by

The Mean Energy Equation—Apparent Dissipation Function

Use of Eqs. (1) and (2) allows Eq. (3) to be written in the form

put 0 (euh) | 0 PW) 2 (ez) 2 <m>
2 (oa) + 2 (puaT) + 2 (e ) + 5 ( >+Dx( )+ay<2 +2(%)+2 +

zp_vj_a_p_ ,bz_az R S A S oy
by( ot ubx vby bx+ T y+ubx+va+ +<P+Pz)

E)v

(P + Pu) + Tyz + Tay 8} (17)

As before, the following substitutions are then introduced:

=4+ T =T+1T p=p+2

v =0+ p =p+0 bs = by + P2
pu = pii + (ou)’ Tyr = Ty + Ty’ Pu=E+P1//
pv = pv + (P'U)I Ta:y=7'_:c;+7'x1/, 91/’_‘%"{‘91/,
-gz=§;+gx,

where the mean values again are slowly varying. With these substitutions inserted, Eq. (17) becomes
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[ P e @t ) ] : {% Lo + (p)'] (i + u,)z} + b% {é lov + (ov)'] (5 + u')z} +
%B (7 +p) @+ ”')2} + %{% [ow + (0)'] (5 + v’)2} + a% {% oo + (0)'] @+ v')z} _

d -
5 o+ ) (T + T)] +

0
ot

o - o - o - o — o
*(P-f-P’) + (ft+u')—(i)+1>') + (5+v’)*(P+P’) +“(qz+qz') +“(qy+qy') +
@+ u ) . (Tyz + 7a’) + (@ + u') -~ (Pz + )+ @+ v/) (TIJ + ) + @+ 'U/) > (Py + )+
(13+P'+Z>;+Pz’)g(ﬁ+u’)+(ﬁ+P'+E+Py')*(77+v’) + (Tw-l-fuz')*(ﬁ-l-u’) +
X oy Ay
— o] o o] - —
(o + 1) 5 @+ 0) =5 B+ 8) + 5 @G+ 2)+ (pe+ 2] @+ )] +
a i N (A ’ = ’ o — ’ o — ’ o - ’ - ’
$M@+pﬂm+mn@+vn+&@fhm+5y@+@)+aum+nnw+un+
Po
o [+ 1) G+ )] (19
X
Upon multiplication of the terms in the brackets and averaging term by term over time, there results

Fe) — o
+ oo T+ ¢ (o)T] +

0 — S T} — -
& (BT + ¢ p'T") + N [c,, pu-1 + ¢, (Pu)lT/] >
y

10 b
23 (p-i + p-u'? + 2 p'u + p'u’?) + - [pu-122 + pu-u' + 20 (pu)'u’ + (pu)'w'? +
l‘a‘[_M2+pvu’2+2u(v)’u'+(v)"2]+~a*[77—|— '2+27J I‘Z)/+ //2]+
20y ? P 20t P P
10 ,—
%ﬂmw+ww+%uww+wyﬂ+vﬂ T 2 ) )] -

g,
oy

P

+ \;D i+ pooit + p'u + pu’) + P P+ pY + p,0) -I- + +

7+
o} — S
a (Tyz i+ Ty u) + (Ta:ll o+ m/0')  (19)
Carrying out the indicated differentiation of Eq. (19), one obtains

_bp
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#op 0 (wh  uOp O ~— o
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This equation can be reduced by use of the continuity and momentum equations. The continuity equation [Eq.
(11)] eliminates the 1st, 4th, 7th, 11th, 13th, 18th, 20th, 25th, 27th, 32nd, 34th, 39th, 41st, 46th, and 48th terms
on the left-hand side. The momentum equations [Eqs. (12a) and (12b)] eliminate the 10th, 14th, 17th, 21st, 24th,
28th, 31st, 35th, 38th, 42nd, 45th, and 49th terms on the left-hand side and the 5th, 11th, 17th, and 20th terms on

the right-hand side of the equation.

op %P

(co T) + PU Y ax

d ., — 0
55, @D + pu 5 <6pT>

0 (u” Zj_x~3.*g @)
”at<2+2 ””ax< T3

(ou) v’ :|

[ —— 36571 o _ 0
ay(”””) ay[ s 1 Tox " on

//?Zt H -y 00
(pu) u ax+(P+p1/)a

© oy 9 (Pv)’UIZ] 9 — _ 3[("’“)’”'2
+ay(pv +Pwv) ayl: + (szv) dx 9
es (o) T7]

o]
— )y ey,

Collecting the remaining terms then gives

bﬁ o] (=T —— 0 0D
% _0 . __ _ 0 5500
oy Tt Ul Sy TR

—-3 Zf 172 ____?“ 1/—/2 _?2)
””ay< +2> at<2”” TP+
]+

Oqy O [t 4 n 4y OB
+ 5 o leo(o0) T'] + B + p2) o
o (p'U) u’ + ;;; 27)

2 ox

(pu)'" - (21)

Comparison of Egs. (21) and (3) shows what terms must be added when the instantaneous values of the variables

are to be replaced by their mean values.
hence, the additive terms

—(pu)'u’ (012/0x), ' (03/0y),

will be called apparent dissipation function terms.
Eq. (21) can be reduced further.

— (o)’

#?is assumed of the same order as ¢,T, they can be dropped from the equation.

The last eight terms of Eq. (21) correspond to the last four of Eq. (3);

—(ov)’u’ (0d/dy), —(pu)’v’ (29/0x)

(1) In Eq. (19), #’? and v"? are expected to be small compared to #? and, since

(2) The triple correlations are also

expected to be small and, hence, can be neglected. Next, because of thinness of boundary layer and absence of

external pressure gradient, terms containing pressure gradients should be negligible.

Hence, Eq. (21) becomes

0 0 op 0O - Ou
(CpT)+pua—(6pT)+pv T) — aj‘”(—pp’T’) plul T 5;+
0 ¢, o] S dg, 0 — —. O
fwmv+~mmw+q+~%%wwﬂ+ﬂ+*+wwwﬂ+@+m~—
ox Jy oy
_____/_74 5 B _2_4_‘/_73_77 _% //_ _a__—‘“T_/_,a_77 929
G g+ (Bt ) g = Vo = W g~ ) g, (22
Terms representing molecular action can further be and in the mean steady state
neglected compared to terms representing molar action; d
hence, the 4th, 5th, 6th, 8th, 14th, and 16th terms on u — (c,,T) + pv (cpT) = = [—c()' T’} —
the right-hand side can be ignored. Because of thin- %y )
ness of the layer, (0/0x) {—c,(pu)'T’] should be small V7w o (24)
relative to (3/0y) [—c,(pv)’T’] and can be dropped. 0
Furthel_‘more, 0#/0x, 07/0y, and b.v/.bx are much sm'al.ler The following definition is now introduced—viz.:
than 04/0y, and, hence, all remaining terms containing
these as factors will be assumed small and will be ig- —cp(ov)'T" = (0T /dy) (25)

nored. Also, —p’s’ (05/0t) is dropped, since it is ex-
pected to be small relative to —p’n’ (94/0t) because
7 < 7. As a final approximate result for thin turbu-
lent boundary layers, Eq. (20) reduces to

op
<mv+m wn % _

ot
_11%
U5

(Cp T) + PU
+5ﬂ—%?7%+aﬂ—@ﬁﬁﬁl—

oo
(o) - (23)

where « will be called the eddy heat conductivity as
in incompressible fluid theory. Hence, with Egs. (15)

and (25), Eq. (24) becomes
S 2 (D)2
Cdy § oy ‘ oy

(26)
A Solution of the Energy Equation

mn+wa@>

The mean steady turbulent-flow equations for con-
tinuity, momentum, and energy for thin boundary
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layers are collected Eq. (32) becomes
(0/0x) (pu) + (0/0y) (pv) = @) T T, Ty #
.- \r. Yaut
— i + —on 0 < bu) (27b) ® ® ® °°1
U T v _ - -
P T oy T oy %o 72 M2—<1—1) (34)
uco o«
a aT A% .
pv — (cpT) + py — (c,,] ) = + e{— where the subscripts « and w refer to the free stream
by 0y and wall, respectively; + is the ratio of the specific
(27¢)  heats; and M., is the ratio of the free-stream velocity
Now, analogous to the procedure with laminar bound- ‘}[10 the V.elocity ](;f s:ound m the ijee stream.  (Crocco®
ary layers, where the Prandtl Number c,u/k is taken as a;);.);fevmu.s y'o tafn;;d this equlalt1on.)
unity because its actual value for air is near unity, a ifferentiation of Eq. (34) yields
turbulence Prandtl Number will be invented which will 1 <aT> 1 [ ) Tw> v — M i
be taken equal to unity. Thus, it is assumed that dy u. < T =+ 5 ] o
cefk =1 28 % Of

This assumption seems justified by the fact that e and
k result from the same internal mechanism in turbulent
flow just as p and & result from the same internal mech-
anism in laminar gaseous flow. Hence, since ¢, is
constant, Eq. (27¢) becomes

— 0 — — 0 —
pu s (eI) + pv 5 (1) =

The temperature is now assumed to be a function of
the x-component of velocity—i.e., ¢, = f(s1). There-

fore, Eq. (29) becomes
— bu df (i) —bu df (@) gli oit df(u)] +
oy by dn
o0y A0 2 ((30) | (00): 0 sto
E<av> T da ay<*ay te\oy) e T

“ox di by di
on df (i) o > 42 (i) ] <al;>2
¢ (by) di ay ( oy T I: du? t1 Ay

(30)
Hence, the momentum Eq. (27b) is satisfied if
af(w)/di? = —1 (31)
which upon integration gives
&T = A, + Bui — (#82/2) (32)

where 4, and B; are constants of integration.

The Prandtl Number of the laminar sublayer is
next assumed equal to unity. Since in the case of
laminar flow an equation identical to Eq. (32) is ob-
tained for Prandtl Number equal to unity,’ it follows
that Eq. (32) may be used across the laminar sublayer

to the wall. Hence, with the boundary conditions
7:‘ =1, at =10
T'="T., = U,
and the fact that
uo*/26T = [(v — 1)/2]M..* (33)

which becomes, at the wall,
bT‘> T. |:< Tw> v —1 :| au>
il . 1 -2
<by v Ue T, T 2 M. (by

(35)
or, introducing the coefficient of heat conductivity at
the wall, %,, and the coefficient of viscosity at the wall,

My

(0.5 63+

“\oy M Hoo T,
] ()
2 W/
whence, by definition of ¢ and 7 and the assumption
that cppe/kw = 1,
Qw T

2P
Tw_pum T, 2

valid for turbulent, as well as laminar, flow.
In the special case when the boundary layer is in-
sulated, ¢, = 0 and Eq. (36) yields

Mm{l (36)

Tw/To =1+ [(v — 1)/2]M.2 (37)
which, when substituted into Eq. (34), gives

T T, -1 A

ror () e
Use of Eq. (33) then gives

T/Te = (Tw/Ta) — (@%/26,T )
or

&Tw = ¢,T + (5%/2) = constant (39)

Eq. (39) states that, in the case of an insulated flat
plate, the energy content per unit mass is constant
across the boundary layer whether laminar or turbulent.

In the general case of heat transfer to or from the
boundary layer, Eq. (36) can now be rewritten, with the
aid of Eq. (37), in the form
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9w = (6pTw/ta) (T, — Tw) (40)

where T, is the temperature the wall would acquire
if the boundary layer were insulated.
The film coefficient of heat transfer, %, will be defined
by
Guw = h(Tw - Tw) (41)

so that
b= ¢y (T0/the)

Defining a dimensionless heat-transfer coefficient by

(42)

Cu, = h/cppotie (43)
and the local coefficient of friction by

e = 2Tu/patta’ (44)
it follows that

Cr, = (1/2)¢, (45)

Therefore, once the local coefficient of friction is known,
the local coefficient of heat transfer is directly obtained.
Any refinement in the above procedure would require
further knowledge of the turbulence mechanism and
the extent of the laminar sublayer.

TURBULENT SKIN FRICTION WITH HEAT TRANSFER

It has been shown in a previous section that the tur-
bulent shear stress is given by
—(pv)'u’ -
=—5 w' — 9 plu/ — p'u'v'

T =

In the case of the thin boundary layer where v = 0,

this equation yields
(46)

rT= —5 w'y’ — plulvl

Now, if the triple correlation is neglected, Eq. (46) re-
duces further to

(47)

which has the same form as for incompressible fluids.
Introduction of the Prandtl mixing length, [/, then

gives
’r =S

pl(du/dy)*

Following Prandtl’s method, a wall formula is next ob-
tained by assuming that / = Ky and that the shear
stress is constant near the wall; thus,

o = pK*y*(dy/di)?
or, rearranging,
dii/dy = (1/K) V'ru/5 (1/9)

which is the same as the Prandtl incompressible fluid
wall formula, except that the density is variable.

Since the pressure is constant through the thin
boundary layer, there results from the perfect-gas law

(48)

VAN DRIEST

w/T
Now, rearrangement of Eq. (34) yields

T vy —1 )T(,, ]12
— =1 1 M2 )——1|— —
T +[(+ 2 Tw %o

so that from Eq. (49)

P 1

= 51
oo 1+ B (/ua) — Aajury: Y
where
— 1 —1
Y 5 M2 1+ 4 5 M2
A? = —>— ——and B = S 1
To/Ta Tu/T.
Substitution of Egs. (51) and (48) gives
A/ th o 1 1 r d
d(i/u.) P— ;.K‘/T._y (52)
u © w0
[1+B<~>—A2(*>:| Pu ¥
um uoo
integration of which yields
1 ., 242 (d/u.) — B
Z sin—! (B + 4A2)’/* = constant +
11 ]m
uw-IW( Elny (53)

Since Eq. (53) must reduce to the incompressible fluid
case when M, = 0and 7,,/T., = 1, it will be necessary
to write it in the form
1 . 24%4/u.) — B 1. B
Tt sinT e =
A (B2 + 443"

11, n,
constant + 4-vJT—’9 Iny

45" (B + 14y

o K Pw
or
1_ i1 24* (1’2/1”’“’) — B + Ls' —1 Aﬁ,&B__ﬁ —
A Sin (BZ + 4A2)l/2 A 111 (_B2 + 4/12)’/2 =

N )

— Y F+=In§—= 54

U Py K Pw Vw ( )
where F is a constant and »,, the kinematic viscosity at
the wall, is introduced because of its influence in the
laminar sublayer.

Now, the wall shear stress is computed from the for-
mula

d 8

=— pri(ue — w)dy (65)

Tw
in which the double and triple correlations have been
neglected and where 6 is the thickness of the boundary

layer. When Eq. (51) and dy obtained from Eq. (54)
are substituted into Eq. (55), there results
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_ Dpyu, d { R a . B wall friction. This is justified in the case of cooling
™= K dx Ja’ exp A s (B2 + 4,42)1/2 } due to radiation because the heat emission due to
(56) radiation varies as the fourth power of the wall tem-

perature, whereas, in comparison, the heat transfer

where from the fluid [see Eq. (40)] varies directly as the wall
D = ¢ FX shear. Certainly, when the boundary layer is insu-
_ T lated, the wall temperature is constant along the plate.

@ = Ku"f/ \/Twé I(J;) — 2 If the shear at the leading edge (x = 0) of the plate is
J = A 0+ Bs = A222)3 5 X assumed infinite, the lower limit on ¢ will be zero.

a ., 24%— B ]
exp |:A sin B + 449" dz (57)

and z = i/u.. Intheseequations,x hasitsusualmean-
ing of distance along the flat plate in the direction of
the free stream and measured from the leading edge.
Eq. (57) for J can be expanded in a series with the
aid of integration by parts. The series can be approxi-

mated by
1
T= e+ B -yt~
exp [‘i sin—! A= B :| -+ L X
A (B2 + 44%)*] @
ex 2 gin—t B 5
=G ] 9

when terms of higher order than 1/a% are neglected
since @ is large. However, under usual conditions of
heating and cooling, the second term on the right-hand
side of Eq. (58) can be dropped compared to the first
term, and therefore J can be further approximated by

7 1 I:a - 242 — B :|
= _ e ll _se T2
@1+ B — 47 P | 4% (B 1 147
(59)
Substitution of Eq. (59) into Eq. (56) yields
—D,Uwuoo
Tw — K(l +_B N A2)1/2><
et s
o 1 SXP| o\ sin (B2+4A2>x/2+
sin~—1 L—)}I (60)
(B2 4 4A2)1/2, (
or, upon rearrangement,
Pl D 1
dx = _
w TR UFB Ay

a%d {exp [% (sin~' @ + sin—! ,e)]} (61)

where

B
(B2 + 4442)‘/2

a

241 — B
T By P T

It is now assumed that the x-variation of the wall tem-
perature is small compared to the x-variation of the

Hence, integrating Eq. (61) over x and ¢ and assuming
that the upper limit of a is large, there results

Pulh X

HMap
a? D a

mvg'ﬁ'exp I:A(Sin‘l a 4 sin™? 6)] (62)

or
(2)‘/2 : 1 . 1
Al ),72 (sin-! o + sin~! B) = const. +
Tw
1 T,\™ "
X In [cfw R, (T—> :| (63)
where
T y—1 >_1 27w 2K?
— = {1 M), ¢ = = —
T, < + 2 o Pulhe’ a?
R, = Pl X
v Map

Eq. (63) can be transformed into an equation in
terms of the free-stream rather than wall conditions.
In the first place, since p, = po(T'w/T ), it follows that
Cro = ¢, (Tw/Tw). Secondly, a power law for viscos-
ity can be assumed [namely, wy = po(Tyw/ T.)°|
whence R, = R.(T,/To)""t%. Eq. (63) then be-

comes

(2)‘/2
Al ) (Tw/Tw)'"

1
% <1n Ry ¢, —

The constant in Eq. (64) can be determined from the
requirement that, when M. = 0 and T,/T. = 1, Eq.
(64) must reduce to the incompressible fluid case’™—
namely,

(sin~! @ 4+ sin—! 8) = const. +

1 + 2w

In %) (64)

1/(ern)"" =

for local skin friction. Adjustment of the constant
vields the following final equation for local skin-friction
coefficient when wall temperature, free-stream Reynolds
Number, and Mach Number are arbitrary:

1.70 + 4.15 logyp Rucy,, (65)

0.242

- i
Aler,)(Tw/To)" (sin~! @ + sin~! §) = 0.41 +

14+ 20 T,
log 10

2 T

logm Rm Cfe ™ (66)
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F1c. 2. Turbulent heat-transfer coefficient for air at Mo = 2.

The local heat transfer can now be obtained by using
Eq. (45).

Figs. 1 to 7 present values of the turbulent heat-
transfer coefficient computed from Egs. (66) and (45)
for Mach Numbers 0, 2, 4, 5, 6, 8, and 10 and various
temperature ratios. In these figures, the highest value
of Ty/T. corresponds to the insulated case. Values
used for w and v are 0.76 and 1.400, respectively.

A formula for the total (mean) skin-friction coefficient
cant also be derived. In terms of wall condition, the
mean friction coefficient is defined by

1 x
#wa w’ =f dx
9 TPl o X o Tw

Direct integration of Eq. (60) then yields, for large
values of a,

1 T,\" D a
~CuRe=|=—) = — (sin—? in—1
2 Cr ( > X %P [ 1 (sin~! &« 4 sin ,8)]

T,
(67)

Comparison of Eqs. (67) and (62) requires that Cy, —
Crp at least for large values of a—that is, for small values
of ¢y, Bearing this in mind and knowing that the local
and mean frictions are different at moderately large
friction coefficients, the form of the equation for
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C;, is maintained the same as that of Eq. (63), although
the constant is different. Hence,

2
~— 7 (sin~te 4 sin—18) =

A(Cr) 1
I% [111 CroRo (5;’:)“ /2] (68)

or, in terms of free-stream conditions and with the use
of the power viscosity law,

const. -+
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The constant in Eq. (69) can be determined, in a man- 8 , i
.. . . 2 10 EQUATION 71 o
ner similar to that above, when the requirement is & T _4 ===
R E Tw =10
made that Eq. (69) must reduce to the von Karman 2 Tw
. . . . . w
incompressible, mean skin-friction law—namely, z %‘0 - 20 vda
x {
945 Y 5 (:,) Tw =30 /IV
0...442/(:]00 = IngRm Cfm (10) = To
= /
o ;"L =42 J
~ -4
when M, = 0 and T,/T. = 1. Hence, the final 10 R
. . . . 6 7 (] 9
formula for mean skin friction is 10 10 10 10

02
A(Cr) T/ Tw)"

(sin~! o + sin—'8) =

L4200 T,
o OB

IOgloRmem - (71)
Figs. 8 to 14 present values of the turbulent mean skin-
friction coefficient obtained from Eq. (71) for Mach
Numbers 0, 2, 4, 5, 6, 8, and 10 and various temperature
ratios. In these figures, the highest values of 7,/T.
correspond to the insulated case. The values used for
w and vy are 0.76 and 1.400, respectively.

REYNOLDS NUMBER, R
F1c. 10. Total skin-friction coefficient for air at M, = 4.

As a matter of interest, the temperature through the
boundary layer has been computed for M., = 5 and
R, = 107 for various wall temperatures using Egs.
(34) and (54) in the form

L Aw/us) — (B/24) . _
(B/24)* 4 1] [(B/24)* + 11"

-1 1/2 ¢ /2
5.75 <7—2—~ Mw2> <§> logm% (72)

A — (B/24)

sin
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where § is the boundary-layer thickness and K is taken
as 0.40. When the laminar sublayer is disregarded,
the temperature distribution appears as shown in
Figs. 15 and 16.

A relationship between the local and mean friction
coefficients can be found in the following manner:

Since
x 1 x
dex = - pu,um2 Cr dx
0 2 0

1
SCreprutt ™ =

it follows that

d(Cy, dCy,
Cre = (J AC), = Cfu‘ + x - £ (73)
dx dx
Differentiation of Eq. (68) with respect to x gives
V2K | . e, dCy
=54 (sin~! a + sin=! 8) Cp,~" dxf =
_ 1 dGuR)
CpR, dx

or, upon multiplication of both sides by x and expansion
of the right-hand side,

VAN DRIEST

0.558 (1/4) (sin™! a 4 sin~' B)(;,

Crw

T.
(76)

N . oo T\
0.558 i (sin™! @ 4 sin~! 8) + 2C;, 2( :

TURBULENT SKIN FRICTION ON AN INSULATED PLATE

When the heat transfer to or from the boundary layer
is zero, the wall temperature is given by

S
~n

EQUATION 71
-

T TTT

Z [s+] ,_.:
w=40 [T
T ||

S

TOTAL SKIN-FRICTION COEFFICIENT, C e

10°
— 6 7 8 9
2 K dC X 10 0 10 10
—L~A sin~! « + sin~! B) Cp,~ o g T REYNOLDS NUMBER, Reo
2 4 dx Fic. 12. Total skin-friction coefficient for air at M, = 6.
1 dC/ dR
RC Ry-x- gw + C/w'x'gia (74) 2
wtu v X g’ EQUATION 71|
Ty = I
But R, = pyteX/p,, whence x(dR,/dx) = R,, so that © amh -
Eq. (74) yields, after collection of terms, z ——Tx < a0
e “ @ L1
(5]
2 Tw -
aCy, A . | Te-6o |||
T P T flipg
dx o =l Tw - 80
V2 K y -1 8" SC Wi/~ Tw o138
- c— (sin"'a 4+ sin' 8) Cp,” *+ Cp 7t S e N
2 4 N a E =———
z e
This expression substituted into Eq. (73) gives é
-
. . <
o = 0.558 (1/A4) (sin ! a + sin~1 B)Cy, (75) 5
fw T - . . .
Y 0.558 (1/4) (sin—! « + sin™'g8) + 2C,, " to-*
10° 107 10° 10°
where \/2K = 0.558. Again, Cy, = C;. (Tw/T.) and REYNOLDS NUMBER, R
o = € (T /T ) so that Eq (75) becomes Fic. 13. Total skin-friction coefficient for air at M, = &.
w - 0/ «© .
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Fi1c. 11. Total skin-friction coefficient for air at M, = 5.
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Fre. 14. Total skin-friction coefficient for air at M, = 10.



VAN DRIEST

Y

o
©

o
3

EQUATION 34

o
o

o
w

1%
»

o
[

o
[N

BOUNDARY -LAYER DISTANCE PARAMETER,

ol \§
M~
0 | ~—
| 2 3 4 5 6
TEMPERATURE RATIO, V.

F16. 15. Temperature distribution through the turbulent bound-
ary layer for air at Ro = 107 and M« = 5.

(Tw/Te) =14+ [(v — 1)/2]M.?

The mean skin-friction formula [Eq. (71)] becomes,
then,

0.242 1y, SINTHA
C. A (1 — N\ & . = loguw R.Cy, +
oo
1+ 2w Y —
*”*:)—“—‘ Ing (1 - )\') (‘ /)
where

1=\ =11+ [(v — 1)/2]M}

Eq. (77) is plotted in Fig. 18 for w = 0.76 and v =
1.4. Also plotted are data obtained at Daingerfield.?
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FiG. 16. Temperature distribution near the flat plate for air at
Reo = 107 and Mw = 5.
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It appears that the data are approaching the writer’s
theoretical curves.
The Sutherland formula for viscosity—namely,

(L) Lt

T.)] T+S

Moo

(78)

can also be used. In this formula 7" is absolute tem-
perature and .S is a constant. According to the data
of Tribus and Boelter® (see Fig. 17), it is found that
S = 110°K. Use of this formula in Eq. (68) ulti-
mately yields, for the insulated-plate case,

0.242

— 1 p— x?
G (1=

v, SINTLA
/1 = logiw R.Cy, +

_70)\2 ) (79)
140 [h:
where § = S/T..

The ratio of the compressible to incompressible fluid
skin-friction coefficient, computed from Eq. (77) at
Reynolds Number of 107, is plotted in Fig. 19. For the
purpose of comparing results obtained using the power
viscosity law and the more accurate Sutherland law,
this ratio was also computed from Eq. (79) at the same
Reynolds Number and 1s plotted in Fig. 19. The free-
stream temperature was taken as —G7.6°F. It is
seen that the difference is not great, indeed practically
negligible. Included in the figure is the friction vari-
ation for laminar boundary layers.

von Karman’s results for turbulent skin friction are
also plotted in Fig. 19. These results are obtained by
substituting wall conditions directly into Eq. (70) to
produce

logis (1 — A2) <1

0.242 "
/s (1 - >‘2) o= IOngmem + w IOg 10 (1 - XZ)

Cre

(80)

using the power viscosity law. The reason for the dif-
ference between the writer's results and those of von
Karman is simply that von Kirman has assumed that
the wall conditions apply all the way across the bound-
ary layer, whereas the writer has allowed the density
to vary with velocity in the case of constancy of energy
per unit mass throughout the layer. It seems that von
Karman'’s formula would be optimistic from the point
of view of drag.

It is now advisable to reiterate how von Karméan'’s
wall procedure was developed. For lack of more gen-
eral information, von Karman® used Busemann's!®
discovery (that for a high Mach Number the velocity
profile in the case of laminar flow is approximately
linear) and arrived at an approximation for the vari-
ation of laminar friction with Mach Number (see Fig.
20). von Karman then said that this result could be
approximated by merely replacing the free-stream con-
ditions of density and viscosity by the wall condition
in the Blasius formula for laminar incompressible flow.
Hence, given
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Laminar-flow skin friction.

Cr.Vpothex/pe = 1.33 (81)

and R, = R.(1 — M\)'** with C,, = C, (1 — A2,
there results

Cfm\/ﬂfiu_“’_yf = 1.33 (1 _ )\2)(1—w)/2 —

vy —1
2

(w—1)/2
1.33 (1 + Mm2> (82)
which, for w = 0.76, does cross the linear approxima-
tion at M. = 3.5 (see Fig. 20). The fact that the
linear approximation could be reapproximated by
using wall conditions in the incompressible flow formula
gave von Karman the idea that perhaps a first approxi-
mation for the turbulent compressible case of skin
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friction could be obtained by using wall conditions in
the turbulent incompressible formula. As a result, he
obtained Eq. (80).

That the use of wall conditions is not the correct pro-
cedure is seen in Fig. 20, where the exact von Karman-
Tsten solution for w = 0.76 and Np, = 1 is plotted.
However, if a portion of the temperature rise—namely,

C=(T—-T)/(Tw — Ta) (83)

is used rather than the full rise to wall temperature,
Eq. (82) can be corrected to yield

(w=1)/2
Cr. \/’1‘3@’? - 1.33 (1 47! M;—’) (s4)
Yoo 2
It will be found that a value of C = 0.60 duplicates
exactly the theoretical curve of von Karman and Tsien.
Likewise, it can be shown that the wall conditions are
not satisfactory for use in computing the laminar
boundary-layer thickness from the incompressible
formula

5V pattn/pax = 5.2 (85)

A value of C = 0.45 yields the formula
’;’Am 1 (w+1)/2
a\/” = 5.2 (1 + 045 7 5 M,,,?> (36)

which fits the values obtained by von Karman and
Tsien (see Fig. 21).

The proper temperature to be used in the incom-
pressible fluid skin-friction formula in order to obtain
results given by Eq. (77) can be computed. For M, =
3 and R, = 107, the value of C [Eq. (83)] is equal to
0.41.

An estimate of the effect of Mach Number on the
growth of the turbulent boundary layer can be made.
Assuming that the turbulent flow starts from the lead-
ing edge of the plate, the thickness é, of the turbulent
compressible fluid boundary layer is given by

50

40

EXACT SOLUTION (KARMAN-TSIEN) V4

3cl||{! /

] I [ >/

EQUATION 86 (w=0.76)
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Fi1c. 21. Laminar boundary-layer thickness.
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1
60 5 Cfm X 1= — _ (87)
2 u u
0 Po Ux U é
since

/ru,dx = f pti(u, — @)dy
0 0
P _
- pmum%/ L (1 _ ,?L) J <y>
0 pPo HUo U 8

Z X
Pl
Cr, ——— = f T dX
To 9 o "

Eq. (87) is plotted in Fig. 22 at R, = 107, assuming
that Eq. (72) represents the velocity profile and using
the planimeter to obtain the integral. The von Kar-
man-Tsien laminar thickness variation is likewise
shown.

A turbulent compressible fluid boundary-layer thick-
ness can also be computed using wall conditions in the
formula for the incompressible fluid thickness 4, If
the logarithmic velocity profile is assumed to hold, é;
can be obtained in closed form because the integral

and

[Eq. (87)] can be readily evaluated when M. = 0; the
result is
1 0.558
51 = - C * 1 1 - 88
o 7 e/ *[1 — (2¢,/0.558)] (88)
where, from Eq. (76),
= 0.558C;/(0.538 + 2C,"*) (89)

Values of C;_, obtained from Eq. (70) when the wall
Reynolds Numbers are used, are then substituted into
Eq. (88) and (89) to yield values of &. The relative
thickness obtained in this manner is also plotted in
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Fig. 22. The constant C [defined by Eq. (83)], which is
required to make the incompressible-flow formula [Eq.
(88)] yield the compressible-flow thickness [given by
Eq. (87)],is0.24at M, =

DiscuUssION OF THE THEORY
Recovery Factor

It was assumed in the development of the foregoing
theory that the turbulence Prandtl Number cye/x, as
well as the laminar Prandtl Number ¢,u/k, was equal to
unity. As a result of this assumption, it was con-
cluded that in the case of the insulated plate the total
energy per unit mass, defined by ¢,T + (i12/2), is con-
stant across the turbulent boundary layer. This is the
same conclusion reached for fully laminar layers when
the Prandtl Number is assumed equal to unity.

Now, in the case of the insulated laminar layer, the
fact that the Prandtl Number is not unity, but rather
about 0.75, results in a total energy distribution simi-
lar to the one shown in Fig. 23 in which the energy has
migrated from regions near the wall to regions near the
free stream. The curve of Fig. 23 has been computed?!
using the Crocco method to solve the differential
equations. A manifestation of this migration is the
usual experimentally observed wall temperature of in-
sulated plates which is lower than the total free-stream
temperature. This experimental fact is specified by
the so-called recovery factor, defined by n = (7%,
T.)/(Tw, — T), in which T isequal to T.{1 +
(v — 1)/2]M.?}. With laminar boundary layers, the
recovery factor, is approximately equal to
(Np)'".

However, in the case of the insulated fully turbulent
boundary layer, one would expect that the turbulence
Prandtl Number would also be somewhat different from
unity. Indeed, a recovery factor different from unity

Mam.»
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is observed with turbulent layers. It is found!? that
Neurb, 1S approximately given by (Np,_)7* Further-
more, total temiperature measurements!® have been
carried out at the Aerophysics Laboratory of North
American Aviation, Inc. (see Fig. 24). These meas-
urements were made in a !/s;in. turbulent boundary
layer on the wall of the N.A.A. 50 sq.cm. supersonic
wind tunnel. Fig. 24 definitely shows a pattern similar
to that of Fig. 23. It appears that the assumption
of Prandtl Number equal to unity is a better ap-
proximation for the turbulent case than for the lami-
nar.

The error involved in skin-friction calculation be-
cause of the assumption of Prandtl Number equal to
unity can be estimated in the following manner: It is
first noted that in the case of insulated laminar layers
the temperature rise for Np, = 0.75 is proportional to
the temperature rise for Np, = 1 at points throughout
the boundary layer. Itisthen assumed that in the case
of insulated turbulent layers the effect of recovery fac-
tor on the temperature distribution is roughly the same.
This leads to the conclusion that an effective Mach
Number rather than the true Mach Number should be
used in the above-developed friction formula. Since
Twins. = T°° {l + 77[(7 _‘1)/2]Mw2} and Nturb., = 09; it
follows that the effective Mach Number should be about
0.95 M., all other properties remaining unchanged.
The effect of recovery factor on C; would be negligible
as seen in Fig. 19. This is compatible with the same
conclusion reached for laminar layers (Fig. 19). Be-
cause of the recovery factor for turbulent layers, the
equation for heat transfer would become
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-1 T,
. 7'100 2 _ 7
5 (095 Ma)* = o ]

®

v

gw - CHconpoouooTeo l:]- +
(90)

in which, as previously stated, a more exact value of
Cy than that given by Eq. (45) requires a more exact
knowledge of the turbulence mechanism.

Velocity Distribution

The turbulent velocity distribution computed by the
foregoing theory [Eq. (72)] is expected to be too full.
This is concluded from the fact that, in the case of in-
compressible flow measurements!t on flat plates with
zero pressure gradients, the velocity distribution seems
to follow a power law rather than a semilogarithmic
law. The difference between the law for plates with no
pressure gradient and the semilogarithmic law for pipes
with pressure gradients is apparently due to the exist-
ence or nonexistence of the pressure gradient. (Cer-
tainly, in the case of laminar flow, the parabolic velocity
distribution in a pipe is fuller than in the Blasius solu-
tion for the plate.) However, as far as the derivation
of a law for incompressible fluid skin friction is con-
cerned, use of the logarithmic law for velocity yields a
logarithmic friction law that contains the pertinent
variables in the proper functional form but whose con-
stants must be determined by experiment. In the
development of the above theory for compressible
fluids, the same procedure is assumed valid.
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